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1 Introduction

It was originally the study of permutations of finite sets and their inter-
action that gave rise to the fundamental ideas of group theory. The finite
symmetric groups S, are thus a classical object of study, and yet some of
their most basic properties still remain elusive. A relatively modern and
fruitful approach to the study of the symmetric groups has been to at-
tempt to understand their representations — that is, to try to understand
them by analysing how they act on vector spaces rather than by studying
them directly. Yet despite the apparent complexity of these groups, their
representation theory is particularly beautiful in its simplicity, requiring
very little representation-theoretic machinery to achieve some significant
results. The flavour of most of the arguments required is combinatorial,
and does not require much background knowledge.

This essay will present an exposition of the very basics of the theory. We
begin by introducing the necessary building blocks, which are often very
simple constructs with a lot of symmetry, and from there go on to build
up the irreducible representations of S,,. We proceed in such a way that
does not heavily depend on the underlying field, and so in particular our
approach is essentially characteristic-free. However, a very powerful tool
in representation theory, which it would be unfair to neglect, is character
theory; so, in the latter half of the essay, we switch to studying the charac-
ters of S;, and so implicitly restrict our attention to representations over a
tield of characteristic 0.

In many cases, the detail of the proofs obscures the simplicity of the ar-
guments and results, so examples of the theory in action have been given
throughout where appropriate.

The bulk of the material in sections 3 and 4 has been adapted from James

[1].

2 Preliminaries

2.1 Notation

Throughout this essay, functions will be written on the left.



2.2 Representation theory

A representation of a group G is a pair (p, V), where V is a vector space
over a field F, and p : G — GL(V) is a group homomorphism (i.e. a lin-
ear action of G on V). This can also be characterised slightly differently.
Define the group algebra FG of G over F to be the (unital but not neces-
sarily commutative) ring whose elements are formal finite sums of formal
products a - g fora € F, g € G, with addition defined in the obvious way
and multiplication inherited from G: then a representation of G over F is
equivalently an FG-module.

We will be interested in the irreducible representations of G up to (FG-
module) isomorphism — that is, the representations (p, V) such that (p|;, U)
is not a representation for any non-trivial subspace U of V. In the language
of FG-modules, a representation V is irreducible if it has no non-trivial sub-
FG-module U.

We will quote a non-trivial result that will be important in finding the
modular representations of S;:

Lemma 2.2.1. The number of modular irreducible representations of a group
G over a field of characteristic p is equal to the number of p-regular conju-
gacy classes of G.

Proof. See Robinson [2, theorem 12.39]. O

Finally, the following result will be useful in calculating the character table

of S;:

Lemma 2.2.2. If W is an irreducible CG-module, then the number of com-

position factors of the CG-module V that are isomorphic to W is dim Hom¢g (V, W).

Proof. James and Liebeck [3, corollary 11.6]. H

2.3 Character theory

Given an ordinary representation (p, V) of a group G, we can assign to
each element ¢ € G the character x,(g) € C, defined to be the trace of p(g)
(which is well-defined, as p(g) : V — V is a linear map). Indeed, as trace
is invariant under conjugation, characters are class functions, i.e. functions
that are constant on conjugacy classes.

Define an inner product (, ) on the space of all functions G — C by



_ 1y,
(08) = 5] L 1(6)BCe)

where the bar denotes complex conjugation. Given two irreducible char-
acters X1, X2, it is easy to show that

_J1 if xy1=x2
(v xa) = { 0 if x1 # X2

as a sort of converse, given a character y;, it can be shown that (x, x) = 1
if and only if x is irreducible [3, theorems 14.12 and 14.20].

Unsurprisingly, isomorphic representations afford the same character. How-
ever, more remarkably, the converse holds; that is, any two ordinary rep-
resentations of G affording the same character must be isomorphic [3, the-
orem 14.21]. Combined with the lemma quoted in the previous section,
these facts imply that the irreducible characters of a group G form an or-
thonormal basis for the C-vector space of class functions on G.

If H is a subgroup of G, restriction of the G-character ¢ from G to H always
produces an H-character; this will be written 1 | . We can also define
induction of the H-character 6 from H to G: this will be written 61, and
is defined as

1 _
01 (g) = TH] Y, 6(x'gw).
x€G,
xilger

This produces a G-character. A reciprocity theorem of Frobenius [3, theo-
rem 21.16] says that (81C, ) = (0, y), where the first inner product is
taken over G and the second over H.

3 Representations of S,

Definition. Let n be a positive integer. A partition of n is a finite sequence
A = (Aqy,..., Ay of positive integers with Ay > - - - > A, whose sum is n.

Example. Some partitions of 7 are (7), (2,2,1,1,1), (5,2).
Remark. Partitions of n are in natural bijective correspondence with cycle

types in S;;, and hence also with conjugacy classes in S,.
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3.1 Young tableaux and tabloids

Definition. Let A = (A4,...,A;) be a partition of n. The (Young) diagram
corresponding to A is the (¥ x A1) matrix with (i, j)-entry "x” if j < A,
and blank otherwise; that is, the jth row contains a x in each of the first
A; entries. Brackets around the matrix are often omitted. It will cause no
confusion to identify partitions with their Young diagrams, so we will do
so frequently. Also, we will write (7,j) € A if the (i, j)-entry of the Young
diagram of A is " x”, and (i,j) & A otherwise.

X X X X X

Example. (5,2) = 9

Definition. Let A be a partition of n. A A-tableau is the result of replacing
each x in the diagram of A with an integer from {1,2,...,n} such that
each integer appears exactly once in the resulting matrix. (By convention,
tableaux will be drawn so that their entries are separated by lines of a
grid.)

1[6[5[3]2] [3]2[1[5]4]
ar andty = -1

Example. t; = are (5,2)-tableaux.

Remark. S, acts on A-tableaux in the obvious way (by permuting their en-
tries).

Definition. Given a A-tableau t, define its row stabiliser to be the subgroup
R; of S, that fixes each row setwise, and its column stabiliser to be the sub-
group C; of S, that fixes each column setwise.

Definition. Two A-tableaux ¢y, t; are equivalent if one can be obtained from
the other by permuting elements in each row but keeping each row fixed
setwise, i.e. if t; = o(tp) for some o € Ry,. (Of course, this is an equiva-
lence relation: Ry, = Ry,.) An equivalence class of a A-tableau ¢ is called a
A-tabloid, denoted [t]. (By convention, tabloids will be drawn so that their
rows are separated by lines.)

1 34 6] [6413]_

Example. 55 55 =...

3.2 Specht modules
Definition. Let A = (A4, ..., A;) be a partition of n. Then define the Young

subgroup S, < S, to be any subgroup isomorphic to S, x -+ X §) , i.e.
the row stabiliser of some given A-tableau t. (Usually S, is taken to be the

4



row stabiliser of the following tableau:

1 2 [3[4]...
)\1+1 /\1+2 )
AM+A+1 |

but such a specific choice is entirely unnecessary for our purposes, as the
row stabilisers of any two A-tableaux are S;,-conjugate.)

Define also the formal F-vector space M* with all possible A-tabloids as
basis elements.

Example. Let A = (4,2,1). Abasis element of M" can be specified by choos-
ing the four elements in the first row from {1, ...,7} and then choosing the
two elements in the second row from the three remaining numbers - that
is, M" is a vector space of dimension (Z) : (;) = 105.

Remark. M is an FS,-module by extending the action of S, on tabloids
linearly. Of course, M" is always an FS,-module of dimension 1, as any
F-basis element can be transformed into any other by applying an element
of ;.

Definition. Given a A-tableau ¢, define the polytabloid

et = Y sgn(o)-o([t]) € MM

oceCy

That is, e; = x;([t]), where k; = ) sgn(0) - o € FSy, is the signed column

oeCy
Sum.

Definition. The Specht module S* is the sub-FS,-module of M* spanned by
polytabloids.

1[2[3]4]
Example. Take A = (4,2,1) again. Taket =| 5 | 6 .
7

Itis clear that C; = Sym({1,5,7}) x Sym({2,6}), which is a group of order
12, so the orbit of t contains 12 tableaux t = t1,tp,...,t1p. Writing t; =
0;(t), and ordering the 0; so that ¢, . . ., 0 are the even permutations and
07,...,01 are the odd permutations, it is clear that
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ke = (014 +06) — (07+ -+ 012).

Hence the polytabloid ¢; is a linear combination of the 12 tableaux t;.

It is natural to ask about the properties of these Specht modules. We pro-
ceed by finding a standard basis for the Specht module as an F-vector
space.

3.2.1 A basis for the Specht module over FS,

We begin by examining what the Specht module looks like as an FS;-
module: this is considerably simpler than as an F-vector space.

Theorem 3.2.1. S* is generated by any one polytabloid, i.e. is an FS,-
module of dimension 1.

Proof. Let t be a A-tableau. Any other A-tableau can be written as p(t) for
some p € S;. Clearly C; = pCp(t)p’l, and so

Ko(t) = Y sgn(o)-o

oeCp(t)
= ). sgn(o)-o
p~lopeCy
= Z sgn(p lop)-o (sgn is conjugation-invariant)
o~ lopeCy
— -1 -1 -1
= ), ssn(p op)-p(p 'op)p
o lopeCy
= ) sgn(d’)-pa'p™!
o'eCy
=p [ L Sgn(a’)-cf’] pl = prp .
(T/GCt

This gives that

eo(t) = Koy ([0(1)])
= oo - p([t])
= pét.



3.2.2 A basis for the Specht module over F

Definition. A tableau ¢ is standard if the entries of ¢ increase along each
row and down each column. A tabloid (viewed as an equivalence class of
tableaux) is standard if it contains a standard tableau. A polytabloid e; is
standard if t is standard.

Our aim is to show that the standard polytabloids form a basis for S* over
F. We begin by defining a useful total order on A-tabloids, which will help
us to show linear independence of the standard polytabloids.

Definition. Suppose A is a partition of n. The sequences of length 1 con-
taining each of the numbers 1,...,n can be endowed with the (total) lex-
icographic order. This induces a total ordering on the A-tableaux in an
obvious way: a A-tableau can be considered as a sequence of length n
by reading each row in turn from left to right, starting with the top row
and working down towards the bottom. Hence, for example, the (5,4, 1)-
tableaux are totally ordered as follows:

1[2[3[4[5] [1]2][3]4]5] 10[9[8[7]6]
6 |7]8[9] <[6[7|8[10] <---<[5[4[3]2
10 9 1

This then induces a total ordering on the A-tabloids. Take two A-tabloids
[t1], [t2], assuming without loss of generality that t4, t; are the <-minimal
tableaux in [t1], [tz] respectively. (This assumption is critical!) Then [t1] <
[t2] if and only if t; < ;.

Lemma 3.2.2. If ¢ is a standard tableau, then [f] is the <-minimal tabloid
involved in e;.

Proof. Any other tabloid involved in e; corresponds to a tableau s which
can be obtained from t by permuting entries in each column (and then,
without loss of generality, reordering the elements in each row of s so that
they are increasing along the row). Consider the first row in s (reading
from left to right, top to bottom, as before) which differs from the corre-
sponding row in ¢, and reorder the elements in this row of s so that they
are in increasing order. As t is standard, a permutation of the columns
cannot decrease any entry in this row; hence we must have that each entry
in this row of t is less than or equal to the corresponding entry of s. So
[t] < [s]. O



Lemma 3.2.3 (linear independence). Let e, . .., e, be standard polytabloids,
with all t; distinct. Then the ¢, are linearly independent.

Proof. Given that the t; are all distinct standard tableaux, we cannot obtain
t; from t; by permuting the elements of each row (for i # j), so that all
the [t;] are distinct standard tabloids. The proof is now trivial: suppose,
without loss of generality, that e;, is the <-minimal of these k polytabloids.
Then, given any linear combination aje;, + - - - + axey, € S, the coefficient
of [t1] is a1, so we must have a1 = 0. Now induction on k gives the required
result. O

It now remains to prove that the standard polytabloids span S*.

Remark. The tabloid [t] is the row equivalence class of t. We can also define
{t}, the column equivalence class of a tableau t. Note that tableaux, and
hence also column equivalence classes, have a total ordering < in a similar
way to < on the tabloids: read each column from top to bottom, starting
with the leftmost column and working towards the right. (This is essen-
tially the transpose of the < ordering.) It is also worth noting that a column
equivalence class {t} determines a polytabloid e; uniquely up to sign: if
{s} = {t}, thens = o(t) for some ¢ € Ct, s0 es = e,(;) = o(er) = *er. In
particular, if {s} is <-minimal, then e; = +es,, where s( is the <-minimal
tabloid; s is standard, and so e, is standard.

Lemma 3.2.4 (spanning). Any polytabloid can be written as a linear combi-
nation of the standard polytabloids.

Proof. Let A be a fixed partition of n.

Suppose t is a A-tableau: we aim to show that e; can be written as a linear
combination of standard polytabloids. (Without loss of generality, we may
reorder the elements in each column of ¢ to be in increasing order down
the column, since if o € C;, we know that

ex(ry = 0ler) = ) sgn(T)7([t]) = ey,

el

and replacing e; by a multiple of e; does not affect the result.)

We first make the trivial remark that, if ¢ is standard, we are done, so as-
sume henceforth that f is not standard. As t is not standard, there must
be two adjacent columns, say ¢ and cx,1, whose entries are 47 < a3 <
-+ < apand by < by < --- < bs respectively, such that a;, > b, for some
g and cy is to the left of c¢j1, so that the gth row is non-increasing. Hence
by <by < -+ <bg<ag<---<ay.



Define A = {a, Agits - ar}, B = {by,by,...,by}. Wehave two S,-subgroups
Sa X Sp < Spup: take a (left) transversal 7 of Sy X Sp in S 4 p containing

id and define the Garnir element of T tobe GT = Y sgn(o)o. Define also
ceT

o= ) sgn(n)t, p= ) sgn(7)T,

TES, X Sp TESAUB

and note the following;:

() GTg = <Z sgn(a)a) ( Y. sgn(T)T>
ceT TES 4 XSp

=Y, sgn(07) - (01) =9  (by definition of T)

(i) oK = ( Z sgn(T)T) (Z sgn(p)p)

TESA XS pECt

= Lrpsgn(Tp) - (Tp) = |Sa x Splxt
(as Sa x Sp C (4, so fixing T and summing over p gives one copy of
Kt).

Hence

(iii) ¢(er) 2 GTg(er) = GTgri([t]) L |Sa x Sp|GTre([H])
= [SA x Sp|GT (e).

But, given T € C;, there are two numbers, say «, B, in A U B that are in
the same row of 7(t), so that (« p) [t(t)] = [t(f)]. Then every element
of Saup is either even or can be written uniquely as the product of some
even permutation with (« B). So

p= Y o—Y oa B)=c(id—(« B)),

0E€SAauB, TESAUB,
o even o even

where 7 is the sum of all the even permutations in S 45, and so Y ([7(t)]) =
0 for each T € C;. This shows that {(e;) = 0, and so by (iii), we have that
G (e) = 0. We can write this out in full, separating the term correspond-
ing to ¢ = id, and noting (by theorem 3.2.1) that o(e) = e,(;):
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et + ) sgn(o)eyp = 0.
id#ceT

That is, we have proven that e; is a linear combination of the ¢, ;) for id #
o € 7. However, it still remains to show that we can write ¢; as a linear
combination of standard polytabloids: for this, we use the remark made
directly before this lemma.

Take any id # o € T: then o is an element of S g, and there exist a; €
A,b; € Bsuch that o(a;) = b; (otherwise ¢ is an element of S4 x Sp. But
by < by <--- < by <ay <--- < ay thatis, o replaces some elements in
the column ¢, with smaller elements from cy, 1. Hence, with notation as in
the remark, we have that {c(t)} < {t}. This shows that we can write ¢; as
a linear combination of some e, ;) with {c'(t)} < {t}.

Now we simply need to recall that, when {s} is <-minimal, ¢ is a standard
polytabloid; this proves the theorem by induction on the < ordering, as
iterating the above procedure will eventually write e; in terms of standard
polytabloids. O

To summarise, we have proven:
Theorem 3.2.5. The standard polytabloids form a basis for S*. O

Example. Once again, take A = (4,2,1). Then the dimension of S asan F-
vector space is the number of standard polytabloids, which is the number
of standard tableaux.

ai | az a3| a4\

Lett =] as | aq be a standard A-tableau. That is, the a; are par-
az
tially ordered as follows:

g

|
VA
\/

Choosing a standard A-tableau is equivalent to choosing an ordering for
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the a;,. Note that we must always have a; = 1. We can list the possible
orderings of ay, a3, a4, as, a systematically according to the position of as:

¢ ap <az <ay<das<de
* ap<az <das <ag<de
¢ ap <az <das < ae <y
® ap <as <az<dag<de
¢ ap <as <az<ae <y
® ap < a5 < ag < a3z <dy
¢ a5 <ap <az<ay<de
¢ a5 <ap <az<ae <y

¢ a5 <ap < e <az<dy

Now we need to choose a position for a7 for each of these possibilities. But
the only constraint on a7 is that it comes later than as. So, for each of these
possibilities, a7 can assume any one of 2, 3, 3, 4, 4, 4, 5, 5 and 5 positions
respectively.

This gives a total of 35 standard tableaux, and hence the Specht module
§{21) has dimension 35 over F.

3.3 Some combinatorial results

The results in this section are not interesting in their own right for our
purposes, but are critical for several proofs later, so we derive them all
together at this point for convenience.

Lemma 3.3.1. Let A, u be partitions of n, and suppose that ¢; is a A-tableau.
If we can find a p-tableau t, such that, for every i, the numbers in the ith
row of t; belong to different columns of t;, then A > p.

Proof. Pick one number from each column of t;, and try to put them in the
tirst row of tp; that is, we have A; numbers to fit into p; spaces. If they
fit, we must have A; > pj. Cross out all the used numbers in t;. Now
pick one unused number from each remaining column of ¢;, and try to put
them into the second row of t,; if they fit, we have A1 4+ Ay > g + pp, and
s0 Ay > pp. Continuing in this way gives us A > u. O

11



Lemma 3.3.2. Let A, u be partitions of 11, and suppose that ¢; is a A-tableau
and t; is a p-tableau such that «¢, ([t2]) # 0. Then A > p.

Proof. If a,b are two numbers in the same row of f,, then clearly [f] =
[(Cl b) tz] = (a b) [tz].

Now suppose that a, b are in the same column of t;; then (a b) € Cy,. Let
H be the subgroup of Cy, generated by (a b); then H is a group of order 2,
and each left coset contains precisely one even permutation and one odd
permutation. Let 0y,...,0; be a complete list of the even permutations
without repetitions; then o (a b),...,0% (¢ b) is a complete list of the
odd permutations without repetitions. Hence

Ky = Y sgn(o) -0

ceCy
k k
=) _sgn(oi) -oi+ ) _sgn(oi(a b)) oi(a b)
i=1 i=1
ever?trerms oddErms

k
= ;O'i(id— (a b)),

so that

k
kt([t2]) = ) oiid — (a b))([t2])

i=1

I
1=

0i([ta] = (a D) [t2])

1

~.

(=)

4

which contradicts our initial assumption. Hence all elements in any given
row of t; lie in different columns of ¢1; now invoke lemma 3.3.1. O

Lemma 3.3.3. Suppose that t is a A-tableau and u € M*. Then «;(u) is a
multiple of e;.

Proof. First we will prove the statement in the case where u is a single
tabloid. Let f; = f, and let f; be another A-tableau. If x ([f2]) = O, then
clearly it is a multiple of e;; otherwise, the same argument as the start of
the proof of lemma 3.3.2 shows that the numbers in each row of ¢, belong

12



to different columns of ¢;. Hence there is some ¢ € C;, such that the ele-
ments in each row of o(f1) are also in the corresponding row of t, — that
is, 0'([t1]) = [t2]. So Ktl([tZ]) = Kflo'([tl]). But Ky o = :|:Kt1, as o < Ctl. So
kt, ([t2]) is a multiple of ¢, ([t1]) = ey,.

Now, given a general u € M*, we can simply write u as a formal linear
combination of A-tabloids and apply the above to each tabloid, and the
result follows immediately. O

3.4 p-regularity

Throughout this section, F is a field of characteristic p.

Remark. This is the first point in section 3 at which we take into account
the characteristic of the field F.

Definition. A partition A of n is p-singular if it contains p rows all of the
same length; otherwise it is p-reqular.

Example. Consider A = (5,3,2,2,2,2,2,2,1):
—_———

6 copies of the same number

X X X

As A has 6 rows of the same length, it is p-singular for all
p < 6 and p-regular for all p > 6.

X X X X X X X X
X X X X X X X X

X

Definition. A conjugacy class in S, is p-singular if any element has order
divisible by p; otherwise it is p-regular.

Theorem 3.4.1. The p-regular partitions of n are in bijection with the p-
regular conjugacy classes of S, (justifying the overloading of the term "p-
regular”).

Proof. Consider the formal power series g(X) whose coefficient of X" is
the number of p-regular conjugacy classes of S,,. Equivalently, this is the
number of cycle types not including any cycles of length divisible by p, i.e.
the number of partitions of  not containing any rows of length divisible
by p. It is easily checked that

13



g(X) =]+ X+ (X2 +(X)+...),
pfi

where the partition (aq,...,aq,a2,...,8,-1,8&,...,08) of n (Where a; >
h\/_/ \W_/
mq times my times

ay > -+ > w,) corresponds to the contribution of (X*1)™ ... (X*)™ (and
all other factors 1) towards the coefficient of X", since p faq, ..., ar.

By multiplying both sides by the ‘missing’ factors corresponding to p|i, we
get

(e9) [e9)

X) JTQ+XP 4+ (XP2+ .. =JA+ X' + (X)* +...).
i=1 i=1
But1+ X/ + (X/)24--- = (1 - X/)~!,and so
X)-JJa-x")"t=TJ1-x)""
i=1 i=1

That is,

> (1 X"P
1"[ 1+ X+ X% 4. 4 X,
i=1

As before, the partition (aq,...,a1,&2,...,&_1,&, ..., &) of n can be seen
—— ———

mq times m, times
to correspond to the contribution of (X"%1) .. (X"%) (and all other fac-
tors 1) towards the coefficient of X". But a partition is p-regular if and only
if all m; < p. So, from this new product formula for q(X), we can deduce
that the coefficient of X" is the number of p-regular partitions of 7. O

3.5 Irreducible representations of S,

Definition. Given a partition A of 1, there is a unique form { , ) on M*
which is defined on tabloids by

14



1 [b] = [t
t1], |t2]) = .
Lih={ o 2
and extended linearly. (This form is clearly symmetric, bilinear, S,;-invariant
and non-degenerate.) For a submodule V of M*, write V- to mean the
submodule of M" consisting of all elements u with (1, v) = 0 forallv € V.
(This is a slight abuse of notation: ( , ) is not an inner product unless we

are working over a field of characteristic 0, so V N V- may be a non-trivial
subspace of M™!)

Lemma 3.5.1. For u,v € M" and any A-tableau t, we have (x;(u),v) =

(u, k¢ (v)).

Proof.
(6(1)9) = ( 1 sgn(o)o(u),)
= ¥ sen@)lo(u) 0
= X sn@)wo 0)
= L s o)
=t L sgnle ) o)

= (u,x¢(v)).
]

We will need one final combinatorial result:

Lemma 3.5.2. Let ¢ be a A-tableau; let ¢’ be the A-tableau obtained by re-
versing the order of the entries in each row of t (the reverse of t). Then
kt(ey) = he; for some constant #, and p|h if and only if A is p-singular.

Proof. Lemma 3.3.3 immediately gives that «¢(ey) = he; for some h. It is
also easy to see that h = (hey, [t]) = (x¢(ey), [t]),

which (by lemma 3.5.1) is equal to (ey, x¢([t])), which is just (ey,e;). We
now attempt to find & by evaluating this inner product, which simply
counts the number of tabloids involved in both e» and e;.

Suppose A = (aq,...,&1,&2,..., 08 _1,&,...,& ) as above. Take some el-
-4 A/—/

&1,
mq times m, times
ement o € Cy: clearly [o(t)] is involved in ¢;, and we wish to determine

whether it is involved in ey, i.e. whether it is [T(¢')] for some T € Cy.
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Suppose ¢ moves an element in one row to a row of a different length;
without loss of generality, i is an element of a row r; of length a1 and (i)
lies in a row ry of length a,. Then i cannot be any of the (¢ — ap) elements
at the end of r; in ¢, i.e. the cells marked with a ® here:

owr o [ ] [ [@]...... (®]

rowry = | || e e e

Now let (i) = j, and consider #'. The disallowed values for i found above
are still marked:

oo | @ L @ [......| [...... | ]

rowry = | | eeeeee | ] e

Now 771(j) must be back in row r;, which shows that j cannot be any
entry in rp below a cell marked with a ® in r; (as they would give rise
to disallowed values for i). Hence we have reduced the possible allowed
values for both i and j by at least 1, and r; still contains more allowed
values than ;. Repeating this algorithm eventually shows that no value
of i is allowed!

This contradicts our initial assumption that ¢ could move elements be-
tween rows of different lengths. Hence any o such that [c(¢)] is involved
in ey must only permute elements in rows of the same length. It is also
easy to see that, if o only permutes elements in rows of the same length,
then o € C; N Cy, so [0(t)] = [o(t')] is certainly involved in ey.

Hence the number of tabloids common to both ¢; and e, is the number of
r

such ¢ € C;, whichish = H(mi!)“", since within each block of rows of
length «;, C; can permute eaé:ilcolumn freely, i.e. can act like a copy of Sy,
on each column. This explicit formula for & shows that p|h if and only if
some m; > p,i.e. if A is p-singular. ]
Theorem 3.5.3. If U is a submodule of M*, then either $* C U or

U C (SY)*.

Proof. If every u € U and every A-tableau f has «; (1) = 0, then

(u,er) = (u,x([t])) = (i (u), []) = O

by lemma 3.5.1. As S* is generated by e, this shows that U C (S*)+. But
if we can find some u and  such that «;(#) # 0, then by lemma 3.3.3, we
know that x;(u) is a non-zero multiple of e;, and hence is in SA, O
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SA
Definition. For each partition A of 11, define D! = W

Theorem 3.5.4. If D* # 0, then D" is absolutely irreducible.

Proof. Letey, . .., ex be a basis of polytabloids for SA, and let €1,...,& be the
dual basis for (5*)*. Define 6 : S* — (S*)* by u > ¢, where ¥, (v) =
(1,0). Then ,(ej) = (e;,¢;), 50 Pe; = Y _(e;,¢j)€;. So the matrix of 6 with

]
respect to these bases is G = ((e;, ¢;) ); j, and the rank of G is the dimension

of the image of 6.

However, the kernel of 0 is just the set of elements u < S* such that
iy (v) = 0 for all v — that is, S* N (S*)+, and S*/ ker = D*. From this
we see that dim D* = rank(G). But the entries of G are inner products
of polytabloids, which are sums of +1 and —1, so the entries of G always
lie in the prime subfield of F. Hence the rank of G will not change if F is
extended to a bigger field, so the dimension of D* will also remain con-
stant. O]

From now on, we will assume that the ground field F has characteristic
p, where p is either a prime or co. (The case p = ¢ is the case where F
contains Q as a subfield, usually called “characteristic 0”, but this non-
standard notation is more convenient for our purposes.)
Lemma 3.5.5. D* = 0 if and only if A is p-singular.
Proof. D* = 0,1ie. S* C (S*)*, if and only if (e, er,) = 0 € F for every
pair of polytabloids in S*. Equivalently, D* = 0 if and only if p|g", where
¢" is defined as the highest common factor of all of the {(e;,, e;,) € Z for
every pair of polytabloids in S*, when the inner product is calculated over
a field of characteristic 0.
r

Clearly g* [ [(mi")% as in the proof of lemma 3.5.2, because g*|(e;, ey) for

i=1
some tableau t and its reverse t’; so, if A is p-regular, then DA # 0.

Conversely, we can define an equivalence relation ~ on the set of A-tabloids:

[t1] ~ [t2] if we can obtain f; from t; by swapping rows of equal size;

clearly, if [#1] is involved in e; and [t1] ~ [t;] then [t;] is also involved in e;.
r

Using the notation of lemma 3.4.1, the equivalence classes have size H m;!,
i=1

so any two polytabloids es ,es, have a multiple of this many tabloids in

common up to sign. But the coefficients of [t;] and [t;] will either always

be the same or always be opposite, depending only on [t1] and [f;], not
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on s; and s;. If they are the same, the equivalence class will contribute
[1m;! to the inner product of es; and es,; otherwise the class will contribute

— H m; .

This shows that the inner product will evaluate to a multiple of [ [ m;!, and
so [Tm;!|g". Hence if A is p-singular, then D* = 0. O
Lemma 3.5.6. Let A and y be partitions of n, with A p-regular. Let U < M#
be a submodule. If there exists a non-zero FS,,-homomorphism

0:58" - MH/U, then A > U.

Proof. Let t be a A-tableau, and let t’ be its reverse.

Then «:(ey) = he; for some constant h # 0 € F (lemma 3.5.2), and so
ki (0(en)) = 0(xi(ey)) = hO(e;). But S* is generated by ¢; (lemma 3.2.1),
and 6 is non-zero, so x;(6(ey)) # 0 € M"/U. Hence there must be some p-
tableau s such that «;([s]) # 0 € M¥, and so lemma 3.3.2 applies, showing
that A > u. H

Theorem 3.5.7. The irreducible representations of S, are precisely the D*,
where A ranges through the p-regular partitions of n.

Proof. We have shown that the D* are irreducible; it remains to show that
they are distinct. Suppose that D* ~ D¥ as FS,-modules. Then we have a
map

A
SIS pipe S M

SAN(Sh)L - - ~ 5N (Sm)L - SH N (SH)L’

where 7, is the canonical projection map. D* is non-zero, so 7t has non-
zero image, and all of the other maps are injective, so this composite is
non-zero; it is an FS,-homomorphism as each of its factors is. So the pre-
vious lemma applies, showing that A > p. Similarly p > A, so in fact
A=u. O]

4 Characters of S,

4.1 Notation

In this section, we will use the following notation.

* The ordinary irreducible character of S, corresponding to the parti-
tion A will be denoted by x* : S, — C.
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* The trivial character of a group G will be denoted by 1.

e The value of the character x* on an element of cycle type u will be
denoted x*(u).

e If A is a partition of n, the S,-conjugacy class of elements of cycle
type A will be written ccl(A).

4.2 Calculation of the ordinary character table

Suppose we wish to evaluate the character table X = (x*(u)) of S, where
A and u run through a complete set of partitions of n. To begin, it will be
helpful to give the set of partitions of n a total ordering: we will take the
lexicographic ordering, so that, for example,

1,1,1,1,...,1) < (2,1,1,...,1) < (2,2,...,1) < -+ < (n —1,1) < (n).

The method by Fox and Mullineux requires two auxiliary matrices A and
B, defined as follows:

* A= (ayu), whereay, = [S) Nccl(p)], i.e. the number of elements
of cycle type pin S, and

* B = (byu), where by, = 1Sl (X, ILSVTS”), i.e. the number of times

X" appears as a summand of 1 S 15" when written as a sum of irre-
ducibles,

where S) and S are Young subgroups, as defined earlier.
The matrix A is easy to calculate.

Example. The partitions of 4 are (1,1,1,1),(2,1,1),(2,2),(3,1), (4). Call
these Aq,...,As respectively. For example, to evaluate a,,,,, we need to
count the number of elements of cycle type A; in S, i.e. the number of
transpositions in S3, which is 3. The matrix A for Sy is given below:

Ay | M A Az Ay As
Av 1T 0 0 0 O
A1 1 0 0 O
A1 2 1 0 0
A1 3 0 2 0
As |1 6 3 8 6

The matrix B is slightly more difficult to calculate. Introduce a new matrix:
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I
* M = (m,),), where m) , = ), (‘CCIZW) and ¢ is the Kronecker

delta.

We will calculate B with the help of a few lemmas:
Lemma 4.2.1. XAT = B.

Proof.
bay = ISu] (X", Ls, 1)
=S, |<X)‘¢5V, 1s,) (Frobenius reciprocity)
=) (x*(g)-1s,(8)) (by definition of inner product)
€Sy ;/1_/
= Z < ) - |Sy Necl(u) |) (as x" is constant on S, N ccl(1))
= Z X (1) - avy
- (00)
= (XAT) v
]

Lemma4.2.2. BTB = AMAT.

Proof. The characters { x*|u a partition of n} form a basis for the class func-
tions on S;, and so we may write ILSAT "= cuxt, s, 150 = Y dyx", for
some constants ¢, d,,. By noting that this ba31s is orthonormal with respect
to the inner product on characters, it is clear that

Yo s M) (X, Ls, 1) = Y ey = (15,157, L5, 157).

I3 K
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Hence
(BTB), mebﬂ,
= Z |S)\‘ Xy’ HS/\Tsn> ) |SV| <Xy/ ﬂsstn>
H

= [Sa[[Sv] <15ATS”, Ls,1°") (by the above)
= [Sal|Sul((15,1°"))s,, Ts,) (Frobenius reciprocity)

=[S\ ) 1 ATS " (g)1s,(g) (by definition of inner product)
geSy

=Sy Y 15,°" (g)

g€eSy

1
=[S\ ) N ) ILSA(x_lgx) (by definition of induction)
g€Sy | ’ XES,,
x~lgxes,

=) ) s (x7'gx)
8€S, x€Sy,
x~lgxes,

=YY Y 1508 (as g, is constant on ccl(g))
g€Sy, x€Sy,
x~lgxes,

= Y #{x € Sylxgx €5,}
g€eSy

Now note that the set {x € S,|x"1¢gx € S,} forms a group which acts on
S, by conjugation, and so by the orbit-stabiliser theorem, its order is

#{x7lgx € 53} #{x € Sulxgx =g}

= |SyNccl(g)] - |stabg, (g)]-

But we also have that S acts on itself by conjugation, and
S| = |orbs, ()] - stabs, (g)], i-e.

n!

|stabs, ()] = Tecl()]

Hence
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(B™TB)ay = Y_ #{x € Sylx Tgx € S,}

g€Sy
!
= Y Spncd(g)] -
€5, |ccl(g)|
n!
= ——— |5y Nccl -1S, Nccl

n!
= L fed(]

n!
Ty e (o)

= a;w . m%g . aV@ = (AMAT)A,V.

O
Lemma 4.2.3. B is lower triangular with non-negative entries.

Proof. (x*, 1 SyTS" ), the number of times x* appears in the character of M,
is always non-negative. Additionally, lemmas 3.5.6 and 2.2.2 show that
the composition factors of M* can only be some of the S* for A > y, so
(x, ]lSFTSH) = 0 whenever A < p. O

If we know A, we can try to evaluate B. It follows from these two lem-
mas that B is easy to evaluate - starting from the bottom-right element
and working from right-to-left, we can evaluate the entire last row of B
element-by-element, with each equation having only one unknown (as B
is lower triangular) and a unique solution (as the elements of B are non-
negative). We can then continue up the rows. This is most easily illustrated
with an example!

Example. Continuing with the example of S4, we now know that B takes
the form

by 0 0 0 0
b2,1 bz/z 0 0 0
B=|b31 b3p b33 0 0 |,
by1 bap baz bys O
bsq bsp bsz bss bss

where b; j means b,,, Aje It is trivial to evaluate M and hence AMAT, which
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in this case turns out to be

24 24 24 24 24
24 28 32 36 48
AMAT = [ 24 32 48 48 96
24 36 48 72 144
24 48 96 144 576

We need to solve the matrix equation BT B = AMAT for B. In full, we need
to solve:

by byy by by bsi\ (bir O O 0 0 24 24 24 24 24
0 byp bss bas bsp| [bo1 by O 0 0 24 28 32 36 48
0 0 bsz bys bss| |bs1 b3p b3z 0 0 [=]24 32 48 48 9
0 0 0  byy bsg| |byr bsy bys bsgy O 24 36 48 72 144
0 0 0 0 bss) \bsq bsp bss bssg bsgs 24 48 96 144 576

for each b; ;. (In principle, this is 15 equations — one of which is quintic - in
15 unknowns, but choosing the equations in a sensible order reduces them
to 15 linear equations each in one unknown!) Proceed as follows:

e Startin the bottom-right corner and equate the (5, 5)-elements of BT B
and AMAT: this gives us the equation b%,S = 576, from which we can
deduce that b5 5 = 24.

e Now we can consider the (5,7)-elements for each i = 1,2,3,4. These
give us the values of bs ;b5 5, i.e. 24bs5 ;, so we can immediately calcu-
late the b5 ;. Now we have found the whole of the bottom row!

e Continue with the (4,4)-element and then the fourth row...

Eventually, we get:

vs]

I
_— W N W
NE NN O
PN N R =
NN O OO
OO OO

24

Lemma 4.2.4. A is invertible.

Proof. A is lower triangular: if A < p in the lexicographic ordering, then
S, contains no elements of cycle type y; however, for each A, S, clearly
contains at least one element of cycle type A, so the diagonal elements of
A are all non-zero. Hence the determinant of A is non-zero. ]
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Combining this result with lemma 4.2.1, we have proven:
Theorem 4.2.5. The ordinary character table is given by X = B(AT)~1. O

Example. Finally, the character table for Sy is

1 -1 1 1 -1
3 -1 -1 0 1
X=12 0 2 -1 0
31 -1 0 -1
11 1 1 1

Of course, the character table is much more commonly seen with a slightly
different ordering of the rows:

M Ay A3 Ay As

155 = X1 /\5 1 1 1 1 1
ssn=x2 A1 |1 -1 1 1 -1
X3 /\4 3 1 -1 0 -1
X2-x3=x4|A2| 3 -1 -1 0 1
X5 /\3 2 0 2 -1 0

This method is a fairly efficient method of finding the entire character ta-
ble, as it mostly consists of basic matrix manipulation that a computer can
handle easily. It is, of course, horrendously inefficient if we only need to
work out a single element in the table. However, due to Murnaghan and
Nakayama, there is a much more efficient method of doing this, often even
efficient enough be performed fairly quickly by hand for reasonably small
symmetric groups. The following sections will introduce and demonstrate
this method.

4.3 The Murnaghan-Nakayama rule

4.3.1 Hooks and skew-hooks

Definition. Let A be a partition of n. If (i,j) € A, the (i,)-hook of A is the
union of the (i,j)-node of the Young diagram of A along with all those

nodes (i,j+a), (i+b,j) € Afora,b > 0, i.e. the nodes to the right of and
below the (i, j)-node. The height of the (i, j)-hook h is the number of nodes
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strictly below (i, ) that are in A, denoted ht(/); the size of the (i, j)-hook is
the number of nodes in the hook.

Example. The (1,2)-hook of (6,3,3,2) has height 3 and size 8:

X ¥ & & & @ «crwow
X ® X

X & X

X &

[N
N

¥

Definition. Similarly, the (i, j)-skew hook of A is the unique connected part
of A whose endpoints are the same as those of the (i, j)-hook but which
must crawl strictly along the lower-right edge of A. The height and size of
the (i, j)-skew hook are the same as those of the (i, j)-hook.

Example. The (1,2)-skew hook of (6,3, 3,2):

X X ® ® ® ® «—row 1
X X &

X & &

X &

o
e
~

It is easy to see that, if we remove every node of a skew hook from the
Young diagram of a partition, we are left with a valid diagram that corre-
sponds to another partition. For example, removing the (1,2)-skew hook
from (6,3, 3,2) above would leave us with the diagram for (2,2,1,1). We
will denote this removal of the skew-hook & from the partition A by A — I;
so, if A is a partition of n, and h is a skew-hook of A of size k, then A — h is
a partition of n — k.

4.3.2 Statement of the rule

The Murnaghan-Nakayama rule gives a simple relation between entries
in the character table of S, and entries in the character tables of smaller
symmetric groups - in particular, it relates the character associated with
a partition A to the characters associated with the partitions obtained by
removing skew hooks from A. It can be used recursively to calculate a
single entry in the character table of S,,.

Theorem 4.3.1. (The Murnaghan-Nakayama rule.) Suppose A and u =
(p1,...,Hs) are partitions of n, and o € S, is an element of cycle type .
Further, let 4’ = (yy, ..., us) be the partition of n — y; obtained by simply
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removing the first row from p, and let 0’ € S,_;, be an element of cycle
type yi. The value of the character x* on (the conjugacy class of) ¢ is given

by

XMe) = (=) A ()
h

where the sum ranges over all skew hooks h in A of size y1. (We adopt the
convention that the only partition of 0 is the empty partition 0, and that S
is a group of order 1, with x? taking the value 1 on this unique element.)

Proof. Omitted. (See James [1].) H

The proof of the Murnaghan-Nakayama rule follows nicely from a lot of
beautiful theory about the composition of the modules M*. Unfortunately,
the development of the machinery required to do this is long and beyond
the scope of this essay, and any proof of the Murnaghan-Nakayama rule
that does not explicitly rely on this theory is artificial and unenlightening,
so we omit the proof.

Example. To calculate the character of D(®4431) evaluated at an element of

S1g of cycle type (5,4,3,2,2,1,1), we must first draw the Young diagram
of the partition, and attach the sign + to it. We then remove a skew hook
of size 5 in each way possible, and record the partitions of Si3 that this
leaves us with; we switch the sign (from + to — or vice-versa) if the hook
has odd height, and we do not switch the sign if it has even height:
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AKX X XX

+ XX KX
[ ] XX KX
XXX
X
identify skew
5-hooks
X x X BB HEEEEE
KX X hook height: 2 X X X
XX X X X hook height: 2
X X X g < | x|
X X
remove skew 5-hooks
XK XX KX XK XX
XXX XXX
[+] [+]
XXX XX
XXX X
X X

We must then calculate the character of each of these remaining partitions
at an element of cycle type (4,3,2,2,1,1) by further removing all skew 4-
hooks and appending the appropriate sign, etc. Eventually, the diagram
looks like this:
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XX XX XX

L XX XX
[+] %% % %
X X X
x \
X X %X BB
EEE
[+] %% %
EEE
X
EEE EEE X X BB EEEEEE
X EX x x B4 x % K4
[]><><>< []xx. [-Ix x B
< I
x \
,////) \\\ M H
[-] [+] [-] X X XX [+
Xxx xxx xxK ><>< xBl @ XXxXxxxx xxxEHHH
xxx xxB xxH N < X X X
<El x xK x.
-1 / [ﬂ\ /[+] [+ /\ \[+j| [+] [+] [-]
X X % xx xx KE EE xx s x x x x EdE3 X X X XXE
= EE ><x xx *B xx xH ® <EE = x
XE <[> I | X
]
1N / \ ) /
Y [ [+ [—]; [+] (1 =
XEH xx XK XX X % = I+ X XX [x
BExEAH" 1"\ B H R\ | xxmm X HE X%} xs
X X xﬂﬂ xx XE &g <]
BE x| | HE xH \ \
. [+ & [+
SO U S N S B N o
[])< B Y X [+)< [>]<H <E X <H <H Y < | é by < | é
] B \ I\ \ <] \ l \ l
\ ] [X] B B
0 I G O A e A e ) I G R [+] [ B b B B

Character value=-1+1-1-1+1-1+1-1+1
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Example. Earlier, we found an explicit basis for the Specht module, and de-
termined that $#21) had dimension 35 over C (actually, we showed the
dimension was the same over any field F). Since we are working over C,
the bilinear form on polytabloids is an inner product, so $* = D*, and an
alternative method would have been to calculate the character of D{*21)
on the conjugacy class containing the identity, i.e. on (1,1,1,1,1,1,1), us-
ing the Murnaghan-Nakayama rule. We verify that this gives the same
answer.

X XX X

X+ on(1,1,1,1,1,1,1)
= x4 xt T x on (1,1,1,1,1,1)
= +x A )+ +x )+ Fx ) on(L1L1L1)
=X +2x° +2x7 +2x° (tidying up)
=0 )20 a0 )20 +x )

+2(x° +x ) on (1,1,1,1)
=3x" +3x +6)x° +2x (tidying up)
=3 +x ) +3(x ) +e(x +x )+2(x ) on (1,1,1)
=3x* +12x" +8x (tidying up)
=3(x)+12(x +x )+8(x ) on (1,1)
=15x" +20x (tidying up)
= 15(x ) +20(x ) on (1)
= 35x ) (tidying up)

= 35x°(id) = 35.

5 Conclusion

Much more work has been done on the representation theory of the sym-
metric groups than it was possible to include in a short essay, but it is
worth pointing out that the field still contains many basic open problems.
For example, the composition factors of M* are all known when the field
has characteristic 0, and some results are known when the field has prime
characteristic, but the problem of characterising the composition factors
in general is still far from having been solved — this is perhaps one of the
biggest open problems in representation theory.

Nonetheless, the theory has already seen many applications within rep-
resentation theory, for example in finding the representations of Sym(IN)
and GL, (F).
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